Abstract. The purpose of this paper is to present a family of CohenMacaulay monomial ideals such that their integral closures have embedded components and hence are not Cohen-Macaulay.
Introduction
Let R be an arbitrary ring. Krull [5] asked whether there exists a primary ideal I such that the integral closure I of I has embedded primes. Huneke [4] gave a counterexample, his example in a 3-dimensional regular local ring of characteristic 2. No other examples have appeared in the literature. The long history of Krull's question and the machinery that is required to understand Huneke's example suggest that there might not be an easy counterexample. In fact, it is easy to see that if I is a P -primary monomial ideal in a polynomial ring, then the integral closure I of I is a P -primary monomial ideal. Thus, there is no monomial ideal that can serve as a counterexample to Krull's question. Vasconcelos asked a relaxed version of Krull's question, namely whether there exists an unmixed monomial ideal I in a polynomial ring such that the integral closure I has embedded primes.
In this paper, I present a family of Cohen-Macaulay monomial ideals such that their integral closures are not Cohen-Macaulay, in particular, their integral closures have embedded primes. Thus, each example in this family is a counterexample to Vasconcelos's question. Naturally, this family is not the only family of monomial ideals with this property. Another CohenMacaulay monomial ideal is given at the end which does not belong to the family, but whose integral closure has an embedded prime.
Throughout this paper, n and t are positive integers and n ≥ 3. , let e i = (t, . . . , t, 0, t, . . . , t) ∈ R n , with 0 is in the i-th coordinate. Thus the corresponding monomial with exponent e i is x e i = x t 1 · · · x t i−1 x t i+1 · · · x t n . Consider the monomial ideal
Examples
For i, j ∈ [n] and i = j, it is easy to see that
n j=i+1 x t i , x t j and it is easy to see that equality holds. Moreover, without lose of generality,
Therefore,
is the minimal primary decomposition of I n,t . In particular, I n,t has no embedded primes and codim(I n,t ) = 2. On the other hand, the minimal free resolution of R/I n,t is
Hence, the projective dimension of R/I n,t equals 2. Since codim(I n,t ) is equal to the projective dimension of R/I n,t , I n,t is Cohen-Macaulay.
Let Γ be the set of exponents of monomials of I n,t . Let Ω be the convex hull of Γ in R n ≥0 .
Theorem 2.1. Let (a 1 , . . . , a n ) ∈ Ω. Then, for s ∈ [n] and {i 1 , . . . , i s } ⊆ [n], we have
Proof. Since Ω is the convex hull of exponents of monomials of I n,t in R n
≥0
and I n,t = x e 1 , . . . , x en , there exists, for i ∈ [n], c i ≥ 0 and d i ≥ 0 such that c 1 + · · · + c n = 1 and
In particular, for j ∈ [n], we have a j ≥ t n i=1 i =j c i . Therefore, for {i 1 , . . . , i s } ⊆
[n], we have
It is well-known, see [3, Exerice 4.23] , that the integral closure I n,t of I n,t is the monomial ideal generated by the integral points in Ω. Thus
Let ∆ n,t :={(a 1 , . . . , a n ) : a i ∈ [t] for all i and a 1 + · · · + a n = t(n − 1)} ∪ {e i : i = 1, . . . , n}.
The following theorem gives a finite set of generators of I n,t .
Theorem 2.2. Let ∆ n,t and I n,t be as above. Then
an n : (a 1 , . . . , a n ) ∈ ∆ n,t . Proof. Let (a 1 , . . . , a n ) ∈ ∆ n,t . For j ∈ [n], let
It is straightforward to check that c j ≥ 0, c 1 + · · · + c n = 1, and c 1 e 1 + · · · + c n e n = (a 1 , . . . , a n ). Therefore, (a 1 , . . . , a n ) is a convex combination of e 1 , . . . , e n . Thus (a 1 , . . . , a n ) ∈ Ω, and hence x a 1 1 · · · x an n ∈ I n,t . To prove the other inclusion, let (b 1 , . . . , b n ) ∈ Ω ∩ (N ∪ {0}) n . It is enough to find (a 1 , . . . , a n ) ∈ ∆ n,t such that a i ≤ b i for all i. But I n,t ⊆ x a 1 1 · · · x an n : (a 1 , . . . , a n ) ∈ ∆ n,t , so we need to prove the above statement only for the case when x 
. It is clear that the n-tuple (b 1 , . . . , b s , a s+1 , t, . . . , t) ∈ ∆ n,t and x
Example 2.3. In Figure 1 , the vertices of the triangle correspond to the generators of the ideal I 3,4 . Also, all the dots inside and on the boundary of the triangle correspond to the generators of the integral closure I 3,4 of I 3,4 . The following theorem shows that I n,t has an embedded associated prime for t ≥ 2.
Theorem 2.4. For t ≥ 2, the integral closure I n,t has x 1 , x 2 , x 3 as an embedded associated prime.
Proof. By Theorem 2.2, it is easy to see that (I n,t : 3 . Hence, by [1, Theorem 4.5], x 1 , x 2 , x 3 ∈ Ass(R/I n,t ). Using the same argument, we find that (I n,t : x t−1 2 x t 3 · · · x t n ) = x 1 , x 2 and hence x 1 , x 2 ∈ Ass(R/I n,t ). Thus x 1 , x 2 , x 3 is an embedded prime.
Analogously, I n,t has at least n 3 embedded primes, one for each triple of variables. Since I n,t has embedded primes, by [6, Theorem 17.3] , the following corollary is straightforward.
Corollary 2.5. The ideal I n,t is not Cohen-Macaulay for all t ≥ 2.
In the following example, we compute the ideal I 3,2 .
Example 2.6. I 3,2 = x 2 1 x 2 2 , x 2 1 x 2 3 , x 2 2 x 2 3 = x 2 2 , x 2 3 ∩ x 2 1 , x 2 3 ∩ x 2 1 , x 2 2 . By Theorem 2.2, it is easy to see that 
